X-ray nano-computed tomography at the Advanced Photon Source of the Argonne National. A 27 μm 3 cube from reconstructed structure was chosen as the RVE for the simulation purposes. The model was employed to predict the voltage curve in a half-cell during galvanostatic operations and validated with experimental data. The simulation results showed that the distribution of lithium inside the electrode microstructure is very different from the results obtained based on the single-particle model. The range of lithium concentration is found to be much greater, successfully illustrating the effect of microstructure heterogeneity. Abstract A new model that keeps all major advantages of the single-particle model of lithium-ion batteries (LIBs) and includes three-dimensional structure of the electrode was developed. Unlike the single spherical particle, this model considers a small volume element of an electrode, called the representative volume element (RVE), which represents the real electrode structure. The advantages of using RVE as the model geometry were demonstrated for a typical LIB electrode consisting of nano-particle LiFePO 4 (LFP) active material. The three-dimensional morphology of the LFP electrode was reconstructed using a synchrotron 
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Introduction
The rechargeable lithium-ion battery (LIB) technology is one of the most developed and widely used batteries for various applications including portable electronics, power tools, and electric vehicles [1] [2] [3] . The range of LIB applications can be further broadened if the battery's energy and power densities can be enhanced both volumetrically and gravimetrically. One of the most promising ways to improve these is to optimize the microstructure of the battery electrode as reported in the literature [4] [5] [6] . The optimized electrode's microstructure leads to increased surface area, shorter lithium-ion transport paths, improved interparticle active material interactions, and collectively resulting in a significant enhancement of the battery performance [7] [8] [9] . Various computer models have been developed in the past to predict the performance based on different electrode designs and operating conditions [10] [11] [12] . However, the results of these models demonstrated limited accuracy due to the over-simplification of electrode structures. Currently in the literature, LIB models that describe electrode structures are categorized into four distinct groups: (1) models that describe electrodes consisting of homogenous singlesized spherical particles [13] [14] [15] ; (2) models that describe electrodes comprising of multi-sized spherical particles [16] [17] [18] ; (3) models that utilize sophisticated mathematical methods to simulate electrode structures [19] [20] [21] ; (4) models that reconstruct real electrode microstructures using two imaging methods of Focused ion beam-Scanning electron microscopy (FIB-SEM) and X-ray computed tomography (XCT). The computational costs of groups (3) and (4) are significantly higher due to their complexity compared to those of (1) and (2) . However, the advantage of them over those of (1) and (2) is much detailed information that can be obtained such as heterogeneous distributions of lithium ions inside electrode microstructures during both lithiation (charge) and de-lithiation (discharge) processes, which is very useful when simulating the whole battery cell or battery pack.
With recent advances in 3D imaging technologies, the group (4) model which utilizes reconstruction of real electrode morphologies has been made possible. Various groups have developed models to predict LIB performance based on real 3D electrode microstructures. For example, Yan et al. [22, 23] characterized the galvanostatic charge/ discharge performance of LiCoO 2 (LCO) using the actual electrode structure obtained by XCT. Furthermore, they showed that the distribution of lithium-ion concentrations, current density, and global polarization, obtained by XCT-based electrode model, were significantly different from those of 1D single-sized spherical models. In another study, Wiedmann et al. [24] used FIB-SEM to investigate the mass and charge transport inside the electrode reconstructed microstructures and showed that severe local variations in lithium-ion concentrations and electric potential existed inside the electrode microstructure. Using XCT data, Chung et al. [20] investigated the effect of particle size distribution on the performance of LiMn 2 O 4 (LMO) electrodes, and discovered a direct relationship between the particle size polydispersity and the galvanostatic discharge performance, concluding that microstructural inhomogeneities led to lower active material utilization resulting in capacity losses.
The aforementioned complexities associated with 3D modeling of electrode microstructures can be reduced without sacrificing accuracy by considering smaller sizes of electrode volume called representative volume element (RVE) [25] [26] [27] . The RVE provides a way to compute a smaller domain while maintaining the heterogeneous microstructures of the electrode, which is one of the determining factors that often dictate the overall cell performance. This essentially allows for improved computational efficiency by reasonably reducing computational costs associated with modeling complex 3D images to still accurately describe electrode behaviors. In fact, the RVE method is widely employed to model the mechanical characteristics of composite materials [28] [29] [30] , but has only gained interest from the energy field recently. For example, RVE has been employed in investigating the microstructures and effective transport properties in solid oxide fuel cells [31] [32] [33] [34] . Additionally, Shearing et al. [35] have utilized the RVE concept for studying graphite electrodes by reconstructing the real 3D morphology using XCT. The authors have analyzed the electrode porosity and solid matrix volume specific surface for sub-volume of the sample to achieve minimum RVE size.
In our previous work, we established a multi-scale model consisting of both micro-and macro-scale models to investigate the discharge behavior of LiFePO 4 (LFP) electrodes [36] . For the micro-scale model, we reconstructed the 3D electrode morphology using nano-XCT, while for macro-scale, the galvanostatic discharge behavior was simulated by employing the homogenization theory and Newman psedudo-2D model [37, 38] . The multi-scale model, which included the real 3D morphology of the electrode, was an improvement over the Newman pseudo-2D model, whereas the present RVE model is an advancement over the single-particle model [39, 40] , which allows the formation of a computationally efficient framework for including reconstructed three-dimensional morphology of the electrode. The RVE model is developed with the notion of replacing the single-particle geometry with a RVE obtained from XCT imaging. In addition, the RVE model can be considered as a simplification of our previously reported multi-scale model where, for RVE model, the local lithiumion concentrations inside the electrolyte is neglected and a solution resistance term is used instead to account for the electrolyte resistance. Moreover, the electric potential variations inside the solid matrix is also neglected, which makes the model applicable for thin electrodes subjected to low to medium current rates. This model accounts for the diffusion of lithium ions inside and between the active materials. The 3D morphology of the electrode is reconstructed using a commercial software (Simpleware, HO, Exeter, England). COMSOL Multiphysics ® is employed to simulate the LIB performance.
2 Nano-XCT imaging LFP electrode samples have been recovered from a LFP/ graphite pouch cell for nano-XCT imaging. The cell was opened in a sealed glove box filled with argon where the oxygen and water level were kept below 0.5 ppm. The electrode aluminum foil was delaminated by soaking the sample in a 6.0 M KOH solution since aluminum interferes with X-ray imaging. The acquisition of a tomogram was conducted using Transmission X-ray Microscope, the new nano-tomography instrument of sector 32-ID-C at Advanced Photon Source, Argonne National Laboratory [41] . The radiographs were acquired in the absorption mode using an 8 keV monochromatic beam. The tomographic images were obtained by rotating the sample 180° using a step scan increment of 0.5° and the exposure time of 1 s at each increment. The X-ray objective lens used to magnify radiographs was a Fresnel zone plate with a 60 nm outermost zone width, providing a spatial resolution of 60 nm. The 3D reconstruction was performed with Tomopy, an open source platform for the synchrotron tomographic data analysis [42, 43] . The reconstructed volume represents voxel of attenuation coefficient with a width of 58 nm after binning. Subsequently, Simpleware was used to perform segmentation of each individual reconstructed slice to extract the final 3D morphology of the solid matrix. Figure 1 shows the morphology of the LFP electrode consisting of nanoparticles revealed by SEM (Fig. 1a) , and the reconstructed 3D microstructure obtained using nano-XCT imaging (Fig. 1b) . Because of the low X-ray absorption of the polyvinylidene fluoride (PVDF) binder and conductive carbon, they are indistinguishable from the pore phase by single run of imaging. As such, the polymer binder and carbon additives are not distinguished from the active material in the present study. Alternatively, one can assume that relatively much lower percentages of binding and carbon additives are randomly distributed among the active material [22, 36, 44] and form an integrated solid matrix. To simulate this, a close image processing algorithm in ScanIP software (Simpleware) was employed on the active material region to guarantee the connectivity of neighbor particles. This also provides the possibility of lithium-ion diffusion between two neighboring particles, unlike in Newman-type models where the lithium ions are imprisoned inside the particles. Although not all of active particles may be in perfect contact, we have assumed that every particle is in perfect contact which eliminates any diffusion intra-resistance. On the other hand, the average particle size of LFP is 37 nm which is below the resolution of the XCT (60 nm). Therefore, it is impossible to capture individual particles, but rather image clusters of LFP particles, which justifies our assumption of fusion of neighboring particles. This means that the 3D solid matrix shown in Fig. 1b consists of LFP, PVDF, and conductive carbon. More detailed description of segmentation and reconstruction of the 3D microstructure can be found in our previous publication [36] .
Modeling and computer simulation 3.1 RVE selection
Assuming that the LIB electrodes are a periodic material, the RVE of a LIB electrode is a subdivision volume over which a measured property can be considered as a representative value for the whole electrode. In our model, the electrode properties of interest for the determination of an appropriate RVE size are the electrode porosity and volume specific surface area which is the ratio of solid/electrolyte surface area to electrode volume. Table 1 shows sample volume specific surface area and porosity of a cubic RVE subdivision of different sizes. The domain porosity is around 0.4. For a RVE size of 850 nm and larger, the porosity of the subdivisions lies within 2% of the whole sample porosity. Moreover, the electrode volume specific surface area is 3.3 (1/μm), thereby remaining within 7% of the domain volume specific surface area for volumes sizes of 850 nm and larger. Therefore, the smallest appropriate RVE of the electrode is selected as 850 nm size. This calculation is based on the selection of subdivision volumes from one corner of electrode sample. To reduce the error associated with the selection of specific sample region in the electrode position, in the present study we have selected a volume with side length of 3000 nm (see Fig. 2 ) as electrode RVE and model geometry although we could have chosen the smallest RVE size (i.e., 850 nm).
Governing equations
The governing equations used in this study are the conservation of mass and intercalation kinetics. As mentioned previously, the variations of lithium-ion concentration and electric potential inside the electrolyte are neglected in the present study, and electrolyte polarization is included by a lumped constant electrolyte resistance parameter. In addition, the electric potential gradient in the solid phase of the electrodes is neglected. In the RVE model, the diffusion inside the solid matrix is modeled by Fick's mass transport law as [22, 36] where c 1 is the concentration of lithium ion in the RVE, D 1 is the lithium-ion diffusivity in the solid matrix, and ∇ operates on the spatial coordinates. To distinguish different regions in the porous electrode, subscripts 1 and 2 are utilized to represent the solid matrix and electrolyte, respectively. The boundary condition for Eq. (1) at the solid/electrolyte interface is [22, 36] (1)
where j n is the normal component of lithium-ion mass transfer flux at the solid/electrolyte interface caused by the electrochemical reaction, s refers to the solid/electrolyte boundary, and n is the boundary interface normal unit vector, pointing toward the electrolyte. A symmetric boundary condition is applied on all other surfaces. j n at the solid/ electrolyte boundary depends on applied current density as where i loc is local current density at the interface, i app is the applied current density on the cell level, F is Faraday's constant, ε is the electrode porosity, a is the specific surface area of the interface per volume of the solid phase, and L is the electrode thickness. The local state of charge (SOC) for the solid matrix can be estimated by where c max is the maximum concentration of lithium inside the active material. Rate of intercalation reaction is obtained using Butler-Volmer electrochemical kinetics relation [45] :
where α is charge transfer coefficient, R is the universal gas constant, T is temperature, ϕ 1 is the electric potential in solid matrix,U is the open circuit potential, and i 0 is the exchange current density, which is defined as [45] where k 0 is rate constant of the reaction, c 2 is concentration of lithium ion in electrolyte which we considered it as a constant in this study. To enhance model numerical efficiency, the Butler-Volmer relation can be expressed using inverse hyperbolic function which results in the following relation for calculating ϕ 1 :
By neglecting the solid phase potential gradient, the electrode potential, V, is obtained by averaging the ϕ 1 on the solid/electrolyte interface as At the lithium counter electrode, V = 0. Therefore, the half-cell voltage can be determined by
. where R 2 is the electrolyte resistance parameter that express the potential drop inside the electrolyte between positive and negative electrodes. Here R 2 is an adjustable parameter that is set by comparing simulation results with experimental data [39, 46] . At each time step four variables, c 1 , i 0 , ϕ 1 , E, are updating through Eqs. 1, 6, 7, 9 and U through the last row in Table 2 . Figure 3 illustrates the modeling solution algorithm.
The final issue to complete modeling development is to specify LFP solid-state diffusivity (D 1 ), where its phase change needs to be considered. In modeling LIB electrodes, all varieties of their intercalation-based chemistry share a common modeling platform to simulate electrode performance. The unique features of each chemistry are introduced by varying physical and electrochemical properties. However, LFP deviates from this usual approach since it experiences phase change with the formation of two separate lithiated and unlithiated phases, as proved by X-ray diffraction [47] . Srinavasan et al. first incorporated the phase change of LFP using the shrinking core concept [48] . The core-shell model assumes that in a spherical particle, two lithiated and unlithiated phases co-exist where one phase is enclosed with the other phase in a structure similar to a core-shell; as lithium ions are transferred into the shell, the boundary between two phases moves in the radial direction. The accuracy of core-shell model has been questioned [16, 49, 50] and also been shown to be incompatible with experimental observations [51] . In the present study, to include LFP phase change, we employed the variable solidstate diffusivity model [16, 17, 49] wherein phase change is modeled using a thermodynamic factor γ as where γ is calculated based on the open circuit potential U; and SOC using (10)
Experimental
In order to validate the model, coin cells were made using the LFP electrode from the same commercial pouch cell. Commercial cathodes have slurry coating on two 
Results and discussion
We simulated the galvanostatic discharge process of the half-cell based on the reconstructed structure of the LFP electrode and developed modeling platform. The material properties, operation conditions, and model parameters are shown in Table 2 . Diffusion coefficient, D LFP , is considered as a model adjustable parameter and determined by fitting the model to experimental discharge curve corresponding to a low-rate condition [16, 48] . The discharge curve at C-rate = 0.1 was used as the base case to fit the model to experiment data. The value of 1.2 × 10 − 14 m 2 /s provided the best-fit and was used for the C-rates > 0.1 to predict the galvanostatic discharge. The obtained D LFP is almost five order of magnitude greater than what commonly utilized in spherical particle models [16, 17] . This value agrees very well with recent experimental data reported in the literature, confirming extremely fast lithium-ion diffusion within LFP particles with D LFP in the range of 10 −3 -10 −15 m 2 /s [52, 53] . Based on single-particle model, electrode is assumed to consist of single-sized spherical particles. However, the real electrode structure includes a range of particle sizes ranging from tens of nano-meters to micro-meters. As a result, to simulate the performance, single-particle model requires an invalid (very small) diffusion coefficient to adjust the unrealistic assumption of structure morphology. On the other hand, RVE model includes the real heterogeneous structure of the electrode obtained from XCT. The structure consists of bi-continuous network of particles cluster with various sizes and morphologies. Therefore, the diffusion coefficient obtained for RVE model is in agreement with the recent experimental measurement. Figure 4 shows the galvanostatic discharge curves obtained at different rates based on the simulation using the RVE model. The model describes the discharge behavior of LFP electrode accurately up to C-rate of 1.0. For higher discharge rates (C-rate > 1.0 C), the RVE model deviates from the experimental data because of electrolyte transportation limitations, see Fig. S1 . It should be noted that the main advantage of using nano-XCT to reconstruct the morphology of the electrode in the present work is the capability to capture a heterogeneous lithium-ion distribution inside the electrode solid matrix. Newman-type models [14, 16, 37, 45] which are based on isotropic, homogeneous spherical particles have proven to be successful and computationally efficient for modeling battery performance. However, the assumptions that the model makes are not reasonable for electrodes comprising heterogeneous, non-isotropic Fig. 6 The lithium-ion concentration (mol m − 3 ) inside the electrode microstructure obtained at three different tomograms along the direction of the electrode's thickness during galvanostatic discharge at C-rate of 1.0 particles with different particle shapes and sizes. On the other hand, nano-XCT-based RVE modeling presented in this study uses a framework which simulates the real electrode morphology to accurately account for the heterogeneities inside the electrode microstructure. Figure 5 shows the concentration of lithium ion inside the electrode solid matrix obtained at different state of charges (SOCs) during galvanostatic discharge at C-rate of 1.0. As mentioned above, a symmetric boundary condition is applied on all 6 sides of the RVE and the lithium ions can diffuse inside the RVE at the solid matrix and electrolyte interface. In addition, lithium ions are free to diffuse between the neighboring particles unlike the Newmantype models wherein they are trapped in one-dimensional spherical particles. During galvanostatic discharge, lithium-ion concentration gradually increases until it reaches the maximum local concentration of 22,800 mol/m 3 which corresponds to the cut-off voltage of 2.5 V. The concentration (mol/m 3 ) distributions are better illustrated with cross-sectional contour plots along the direction of the electrode's thickness as demonstrated in Fig. 6 (The distance between each cross section is 1 µm). Figure 6 shows that at any given SOC, the concentration of lithium ion is relatively elevated in two regions: one with smaller crosssectional area normal to the diffusion path of lithium, and the other with higher surface area exposed to the electrolyte. The observed non-uniform distributions of lithiumion concentration are different from those of the spherical particle models, which commonly show a gradual increase of the concentration from the particle center to the particle surface.
The capability of the model to show the heterogeneous microstructure of the electrode can be demonstrated by comparing the lithium-ion concentration histograms obtained using both the RVE and single-particle models [39, 46] . Figure 7 shows the histograms of the lithium-ion concentration obtained at different SOCs during discharge at C-rate of 1.0 using the RVE model. The concentration is distributed in the range from 3,000 to 6,000 mol/m 3 at SOC = 95%, 6,000 to 14,000 at SOC = 50%, 12,000 to 18,000 at SOC = 25%, and 17,000 to 22,500 at the end of discharge. The histograms obtained using the single-particle model, shown in Fig. 8 , is based on the average particle size of 37 nm [17] with all other parameters used the same as the RVE model except D LFP which is found to be 1.3 × 10 −19 m 2 /s through single-particle model/experiment comparison. The lithium-ion concentration obtained using the single-particle model is shown to be distributed in the range from 3,680 to 3,715 mol/m 3 at SOC = 95%, 13,689 to 13,697 at SOC = 50%, 18,146 to 18,153 at SOC = 25%, and 22,472 to 22,479 at the end of discharge. The wider ranges of lithium concentration observed at different SOCs obtained using the RVE model compared to the singleparticle model clearly show that the RVE model is capable of simulating the inherent inhomogeneity inside the electrode's microstructure much more accurately.
The distribution of the open circuit potential (U) at the cathode solid matrix/electrolyte interface at 1.0 C obtained at various stages of SOC is shown in Fig. 9 . U depends on the local SOC at the interface of solid matrix/electrolyte interface employing coin-cell experimental data at C/50 (see Table 2 ). Based on single-particle model, the lithiumion concentration on the particle surface results in a scalar U at different SOCs. However, the microstructure heterogeneity causes the U distributed in a range employing RVE model. Small variations in U observed at the interface are due to the lithium concentration gradient at the surface. The results show that for the SOCs > 0, even though the lithium concentration is not homogenous, the U is uniform at the solid/electrolyte interface due to the existence of a voltage plateau in the U function (see Table 2 ). However, at the end of discharge (Fig. 9d) , the local variation of the U is obvious in the location with higher surface area exposed to electrolyte.
Conclusions
In this work, a computationally efficient three-dimensional RVE model has been successfully developed and validated Fig. 8 Histograms of the lithium-ion concentrations obtained at different SOCs inside the electrode's microstructure using the single-particle model during galvanostatic discharge at C-rate of 1.0 to accurately predict LIB electrode performance at different operating conditions. Unlike other LIB models, the real morphology of electrode has been reconstructed by nano-XCT imaging technique, effectively capturing inhomogeneities in the electrode microstructure. The model takes advantage of computational efficiency of the single-particle model, while simultaneously utilizing 3D electrode microstructure as the real geometry. The demonstration of the model and its advantages are discussed for a common LIB electrode consisting of nano-particle LFP active material. Unlike commonly used lithium-ion diffusion coefficient that are in the order of 10 −19 in spherical particle models, this value is found to be 1.2 × 10 −14 m 2 /s based on the current model, which is consistent with recently reported experimental data ranging from 10 −13 to 10 −15 m 2 /s. The simulation results are in good agreement with the discharge profile of LFP cathode at various discharge rates, which have been validated with experimental data. The simulation shows that at any given SOC, the lithium-ion concentration is elevated in the regions with smaller cross-sectional area perpendicular to the diffusion path in the active material and in the region with higher surface area exposed to the electrolyte. Moreover, the distribution of the lithium ions in RVE is demonstrated to be wider than that of the singlespherical-particle model due to the inherent heterogeneous microstructure. This RVE model opens up many possibilities for future studies of scaled-up battery-cell and batterypack simulations, as well as thermal and stress studies where the spatial distribution of temperature and intercalation-induced stress in the microstructures can be evaluated during battery operation. Fig. 9 The distribution of open circuit potential (V) at the solid/ electrolyte interface obtained at different SOCs during galvanostatic discharge at C-rate of 1.0 (The interface represents the solid/electrolyte boundaries of the microstructure in 3D)
